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Massless modes and abelian gauge fields in multi-band superconductors
Takashi Yanagisawa and Izumi Hase
Electronics and Photonics Research Institute, National Institute of Advanced Industrial Science and Technology (AIST),
Tsukuba Central 2, 1-1-1 Umezono, Tsukuba 305-8568, Japan
In N-band superconductors, the U(1)N phase invariance is spontaneously broken. We propose
a model for N-band superconductors where the phase differences between gaps are represented by
abelian gauge fields. This model corresponds to an SU(N) gauge theory with the abelian projection.
We show that there are massless modes as well as massive modes when the number of gaps N is
greater than 3. There are N − 3 massless modes and two massive modes near a minimum of the
Josephson potential whenN bands are equivalent and Josephson couplings are frustrated. The global
symmetry U(1)N−1 is broken down by the Josephson term to U(1)N−3. A non-trivial configuration
of the gauge field, that is, a monopole singularity of the gauge field results in a fractional quantum-
flux vortex. The fractional quantum-flux vortex corresponds to a monopole in superconductors.
I. INTRODUCTION
Multi-phase physics is a new physics of multi-gap su-
perconductors. The ground state of superconductors
has a long-range order by breaking the rotational invari-
ance. It is well known that the gapless Goldstone mode
exists when the continuous symmetry is spontaneously
broken. For the complex order parameter, written as
∆ = |∆|eiθ, any choice of θ would have exactly the same
energy that implies the existence of a massless Nambu-
Goldstone boson. This changes qualitatively when the
Coulomb interaction between electrons is included. The
Coulomb repulsive interaction turns the massless mode
into a gapped plasma mode[1]. This would change qual-
itatively in multi-gap superconductors because an addi-
tional phase invariance will bring about novel phenom-
ena.
The study of multi-gap superconductors stemmed from
works by Kondo[2] and Suhl et al.[3]. The phase-
difference mode between two gaps is now becoming an
interesting topic[4–20].
The existence of fractionally quantized flux vortices
is significant in multi-band superconductors. The fluc-
tuation of phase-difference mode leads to half-quantum
flux vortices in two-gap superconductors[6, 9, 10]. A
generalization to a three-gap superconductor results in
very attractive features, that is, chiral states with time-
reversal symmetry breaking and the existence of fraction-
ally quantized vortices[12–15].
In this paper we investigate the multi-phase physics
in multi-gap superconductors. We show that the phase-
difference modes are represented by gauge fields and this
corresponds to the abelian projection of an SU(N) gauge
theory. We show that, in the case with more than four
gaps, there are massless modes when there is a frustration
between Josephson couplings. For an N -band supercon-
ductor with fully frustrated Josephson couplings, there
are N−3 massless modes and 2 massive modes, or N−2
massless modes and 1 massive mode.
There is an interesting analogy between particle
physics and multi-band superconductivity. The Higgs
particle corresponds to a Higgs mode in superconductors
where the Higgs mode represents the fluctuation mode of
the magnitude of the order parameter ∆[21]. Thus, the
energy gap of the Higgs mode is proportional to 2|∆| be-
ing the inverse of the coherence length. The dynamics of
the Higgs mode will also be an interesting subject. In an
N -band superconductor, N−1 phase differene modes can
be regarded as the gauge fields, and the mass of the gauge
field is given by the inverse of the penetration depth.
The mass of the Higgs particle will correspond to the in-
verse of the coherence length, and the masses of gauge
bosons W and Z correspond to the inverse of the pen-
etration depth. If we use mW ∼ 80.41GeV/c2, mZ ∼
91.19GeV/c2 and mH ∼ 126GeV/c2, the Ginzburg-
Landau parameter κ of the universe is roughly estimated
as κ = λ/ξ ∼ mH/mW,Z ∼ 1.5. When there is a Joseph-
son term, this analogy will be modified because the phase
difference is fixed near a minimum of the Josephson po-
tential. This will be discussed in the following.
II. GAUGE-FIELD REPRESENTATION
Let us consider the Ginzburg-Landau free energy den-
sity of a two-band superconductor without the Josephson
term in a magnetic field:
f = (α1|ψ1|2 + α2|ψ2|2) + 1
2
(
β1|ψ1|4 + β2|ψ2|4
)
+
h¯2
2m1
∣∣∣ (∇− i e∗
h¯c
A
)
ψ1
∣∣∣2 + h¯2
2m2
∣∣∣ (∇− i e∗
h¯c
A
)
ψ2
∣∣∣2
+
1
8pi
(∇×A)2, (1)
where ψj (j = 1, 2) are the order parameters and e
∗ =
2e. Note that this functional is not invariant under the
transformation:
ψj → exp
(
i
e∗
h¯c
θ¯j
)
ψj , A→ A+∇χ. (2)
The functional is not invariant for any choice of χ. Let
us adopt that the phase of ψj is θj : ψj = e
iθj |ψj |, and
define Φ = θ1 + θ2 and ϕ = θ1 − θ2. We obtain the
2covariant derivative as(
∇− i e
∗
h¯c
A
)
ψ1 = e
iθ1
[
∇− i e
∗
h¯c
(
A− h¯c
2e∗
∇Φ
)
− i e
∗
h¯c
B
]
|ψ1|, (3)
and that for ψ2 where the field B is the derivative of the
phase difference ϕ,
B = − h¯c
2e∗
∇ϕ. (4)
We write A− h¯c/(2e∗)∇Φ as A, and then the free energy
is written as
f = (α1|ρ1|2 + α2|ρ2|2) + 1
2
(
β1|ρ1|4 + β2|ρ2|4
)
+
h¯2
2m1
∣∣∣ (∇− i e∗
h¯c
A− i e
∗
h¯c
B
)
ρ1
∣∣∣2
+
h¯2
2m2
∣∣∣ (∇− i e∗
h¯c
A+ i
e∗
h¯c
B
)
ρ2
∣∣∣2 + 1
8pi
(∇×A)2,
(5)
where ρj = |ψj | (j = 1, 2). When m1 = m2 = m, the
kinetic part becomes
fkin =
h¯2
2m
∣∣∣ (∇− i e∗
h¯c
Aσ0 − i e
∗
h¯c
Bσ3
)
ψ
∣∣∣2+ 1
8pi
(∇×A)2,
(6)
where
ψ =
(
ρ1
ρ2
)
. (7)
σ0 is unit matrix and σ3 is the Pauli matrix. This is
a part of SU(2) × U(1) gauge theory (Weinberg-Salam
model). The gauge field A appears as A−B and A+B,
or (after the gauge transformation) A and A+ 2B ≡ Z.
Thus, the phase-difference fluctuation mode B appears
as a linear combination with A. The masses of gauge
bosons are given by gap amplitudes
mA =
h¯
c
1
λ2
∝ |ψ2|, mZ = h¯
c
1
λ1
∝ |ψ1|, (8)
where λ1 and λ2 are
λ1 =
√
1
4pi
( c
e∗
)2 m1
ρ21
, λ2 =
√
1
4pi
( c
e∗
)2 m2
ρ22
. (9)
The penetration depth λL is given by
1
λ2L
=
1
λ21
+
1
λ22
. (10)
This is because the current is given as (from the varia-
tional condition δf/δA = 0)
j =
1
2
h¯e∗
(
ρ21
m1
+
ρ22
m2
)
∇Φ+ 1
2
h¯e∗
(
ρ22
m2
− ρ
2
1
m1
)
∇ϕ
− (e
∗)2
c
(
ρ21
m1
+
ρ22
m2
)
A. (11)
This leads to
rotj = − (e
∗)2
c
(
ρ21
m1
+
ρ22
m2
)
rotA. (12)
Since rot(∇ϕ) = 0, the phase-difference mode gives no
contribution to the penetration depth. In the case of
ψ2 = 0 and ψ1 6= 0, one gauge field A remains massless.
In the three-band case, the covariant derivative reads
Dµ = ∂µ − i e
∗
h¯c
Aµ − i e
∗
h¯c
√
3
2
B8µλ8 − i
e∗
h¯c
√
3
2
B3µλ3, (13)
where λ8 and λ3 are diagonal Gell-Mann matrices. There
are 2 phase-difference modes in the three-band case. We
have assumed that masses of all the bands are the same
and defined three phase variables
Φ = θ1 + θ2 + θ3, (14)
φ8 = θ1 + θ2 − 2θ3, (15)
φ3 = θ1 − θ2. (16)
The gauge fields B8 and B3 are defined as
B8 = − 1
3
√
2
∇φ8, B3 = − 1√
6
∇φ3, (17)
We can define three fields by a unitary transformation:
Zµ =
1√
3
Aµ +
1√
6
B8µ +
1√
2
B3µ (18)
Wµ =
1√
3
Aµ +
1√
6
B8µ −
1√
2
B3µ (19)
Vµ =
1√
3
Aµ −
√
2
3
B8µ. (20)
The gauge fields W , Z and V acquire masses being pro-
portional to |ψ|, |ψ2| and |ψ3|, respectively. In the case
of one vanishing order parameter, we have one massless
gauge field.
It is straightforward to generalize the free energy to
an N -band superconductor. In the N -band case, we
have N − 1 phase-difference modes. N − 1 equals the
rank of SU(N). The rank is the number of elements
of Cartan subalgebra, namely commutative generators.
Let t1, · · · , tN−1 be elements of the Cartan subalgebra of
SU(N). Then, the covariant derivative is
Dµ = ∂µ − i e
∗
h¯c
Aµ − i e
∗
h¯c
N−1∑
j=1
Bjµtj , (21)
and the free energy density (without the Josephson
terms) is given by
f =
∑
j
αj |ψj |2+1
2
∑
j
βj |ψj |4+ h¯
2
2m
|Dµψ|2+ 1
8pi
(∇×A)2.
(22)
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FIG. 1: Josephson potential for the 4-band band as a func-
tion of θ1 − θ3 and θ2 − θ3. We set θ1 − θ3 = θ2 − θ4 in the
potential. The flat minimum indicates an existence of zero
mode.
(a)! (b)! (c)!
FIG. 2: Spin configurations with
∑
i
Si = 0, forming squares,
have the same energy for N = 4. The square of spins in (a) is
mapped to (b) and (c) without finite excitation energy. This
indicates that there is a massless mode. The configuration in
(a) corresponds to (θ1, θ2, θ3, θ4) = (0, pi/2, pi, 3pi/2).
Here, we adopted that masses are the same and ψ =
(ρ1, · · · , ρN )t is a scalar field of order parameters.
We have shown that the phase-difference mode is none
other than the gauge field. The phase-difference modes
are represented by the diagonal part of the gauge field.
Let us write the gauge field Bµ in the form
Bµ =
N−1∑
j=1
Bjµtj +
N2−N∑
a=1
CaµXa. (23)
Bjµ (j = 1, · · · , N − 1) denote the diagonal elements of
the vector field and Caµ are the off-diagonal elements of
the vector field. The phase-difference modes correspond
to the diagonal part, and this is the abelian projection of
SU(N) by ’tHooft[22]. A singularity of the gauge field
Bjµ appears as a monopole. This singularity leads to a
half-quantum flux vortex in a two-band superconductor.
Fractionally quantized vortices arise as a result of singu-
larities of the gauge field.
(a)! (b)! (c)!
FIG. 3: Configurations which have the same energy. In (b)
and (c) two spins can be rotated with the phase difference
fixed to be pi.
III. JOSEPHSON TERM AND MASSLESS
MODES
There areN−1 gauge fields Bµ in the N -gap supercon-
ductors. We add the Josephson term to the free energy
functional, representing the pair transfer interactions be-
tween different conduction bands[2]. The Josephson term
is given as
fJ = −
∑
i6=j
γij |ψi||ψj | cos(θi − θj), (24)
where γij = γji are chosen real. This term obviously loses
the gauge invariance of the free energy or the Lagrangian
because θi−θj is not gauge invariant. This indicates that
the phase-difference modes acquire masses. Hence, in
the presence of the Josephson term, the phase-difference
modes are massive and there are excitation gaps.
To our surprise, this would change qualitatively when
N is greater than 3. We show that massless modes exist
for an N -equivalent frustrated band superconductor. Let
us consider the Josephson potential given by
V = Γ[cos(θ1 − θ2) + cos(θ1 − θ3) + cos(θ1 − θ4)
+ cos(θ2 − θ3) + cos(θ2 − θ4) + cos(θ3 − θ4)],(25)
for N = 4. We assume that Γ is positive: Γ > 0
which indicates that there is a frustration effect be-
tween Josephson couplings. The ground states of this
potential are degenerate. For example, the states with
(θ1, θ2, θ3, θ4) = (0, pi/2, pi, 3pi/2) and (0, pi, 0, pi) have the
same energy. The Fig.1 shows V as a function of θ1 − θ3
and θ2 − θ3 in the case of θ1 − θ3 = θ2 − θ4. By ex-
panding V around a minimum (0, pi/2, pi, 3pi/2), we find
that there is one massless mode and two massive modes.
In fact, for θ1 − θ2 = −pi + η˜1, θ2 − θ4 = −pi + η˜2 and
θ2 − θ3 = −pi/2 + η˜3, the potential V is written as
V = Γ
[
− 2 + 1
2
η˜21 +
1
2
η˜22 + · · ·
]
, (26)
where the dots indicate higher order terms. Missing of η˜23
means that there is a massless mode and there remains
a global U(1) rotational symmetry, indicating that the
ground states are continuously degenerate. The gauge
field corresponding to θ2−θ3 represents a massless mode
4near (θ1, θ2, θ3, θ4) = (0, pi/2, pi, 3pi/2). One gauge sym-
metry is not broken and two gauge symmetries are broken
for N = 4. The massive modes are represented by linear
combinations of θ1 − θ3 and θ2 − θ4.
We put
ϕ1 = θ1 − θ2 − θ3 + θ4, (27)
ϕ2 = θ1 + θ2 − θ3 − θ4, (28)
ϕ3 = θ1 − θ2 + θ3 − θ4, (29)
then the covariant derivative is written as
Dµ = ∂µ − i e
∗
h¯c
Aµ − i e
∗
h¯c
3∑
j=1
tjB
j
µ, (30)
where Aµ = (1/4)∂µ(θ1 + θ2 + θ3 + θ4), and
Bjµ =
1
4
∂µϕj . (31)
The diagonal matrices of generators of SU(4) are chosen
as
t1 =


1
−1
−1
1

 , t2 =


1
1
−1
−1

 ,
t3 =


1
−1
1
−1

 , (32)
where tα are normalized in the way Trtαtβ = 4δαβ.
The potential V , near the minimum (ϕ1, ϕ2, ϕ3) =
(0,−2pi, pi), is
V = Γ
[
− 2 + 1
4
(η21 + η
2
2) + · · ·
]
, (33)
for ϕ1 = η1, ϕ2 = −2pi+ η2 and ϕ3 = pi+ η3. Hence, the
field ϕ3, that is, B
3
µ represents a massless field.
We can generalize this argument for general N . We
show that for N ≥ 4, there exist always the massless
modes for the potential
V = Γ[cos(θ1 − θ2) + cos(θ1 − θ3) + · · ·+ cos(θ1 − θN )
+ · · ·+ cos(θN−1 − θN )]. (34)
For Γ > 0, there are two massive modes and N − 3
massless modes, near the minimum (θ1, θ2, θ3, θ4, · · · ) =
(0, 2pi/N, 4pi/N, 6pi/N, · · · ). We can check this for N =
4, 5, · · · . We define θ1 − θ2 = ∆θ + ξ1, θ2 − θ3 =
∆θ + ξ2, · · · , for ∆θ = −2pi/N , with the constraint
ξ1 + ξ2 + · · · + ξN = 0. By expanding V in terms of ξj ,
V is given by the quadratic form V/Γ = −N/2 + ξtCξ
where ξt = (ξ1, ξ2, · · · , ξN ). The matrix C is given by a
Toeplitz matrix[23] such as
C =


c0 c1 c2 · · · cN−1
cN−1 c0 c1 · · ·
...
...
. . .
c2 · · · c1
c1 · · · c0


. (35)
The eigenvectors of C are written as uk =
(1/
√
N)(1, ζk, ζ2k, · · · , ζ(N−1)k) for k = 0, 1, . . . , N − 1
with the N -th root ζ = exp(2pii/N). The corresponding
eigenvalues are λk = c0+c1ζ
k+c2ζ
2k+· · ·+cN−1ζ(N−1)k
for k = 0, 1, · · · , N − 1. There are N − 3 zero eigenvalues
for N . The number of massless modes increases as N is
increased.
When we expand the potential V near the minimum
(θ1, θ2, θ3, θ4) = (0, pi, 0, pi), we obtain
V = Γ
[
− 2 + 1
2
η21 + · · ·
]
. (36)
This indicates that there are two massless modes and
one massive mode. When N ≥ 4 and N is even, we have
N − 2 massless modes and one massive mode. We show
the number of massless modes in Table I and Table II.
We summarize the results as follows.
Proposition
For the potential V in eq.(34) assuming Γ > 0, there are
N − 3 massless modes and 2 massive modes near the
minimum (θ1, θ2, · · · ) = (0, 2pi/N, 4pi/N, · · · ), and there
are N − 2 massless modes and one massive mode near
(θ1, θ2, · · · ) = (0, pi, 0, pi, 0, pi, · · · ).
The existence of massless modes can be understood
by an analogy to a classical spin model. Let si (i =
1, · · · , N) be two-component vectors with unit length
|Si| = 1. Then, the potential V is written as
V =
Γ
2
[( N∑
i=1
Si
)2
−N
]
. (37)
V has a minimum Vmin = −ΓN/2 for
∑
i Si = 0. Con-
figurations under this condition have the same energy
and can be continuously mapped to each other with no
excess energy. At th (θ1, θ2, · · · ) = (0, 2pi/N, 4pi/N, · · · )
with V = −ΓN/2, satisfying ∑i Si = 0, the vectors Si
form a polygon. The polygon can be deformed with the
same energy (Fig.2). For N = 4, there is one mode of
such deformation, which indicates that there is one mass-
less mode. When N increases by one, the number of zero
modes increases by one. Hence, we have N − 3 massless
modes and two massive modes for N .
At (θ1, θ2, · · · ) = (0, pi, 0, pi, 0, · · · ) for N ≥ 4 even,
satisfying also
∑
i Si = 0, the polygon is folded into lines.
There are two zero modes in this configuration for N = 4;
we have rotational symmetry as shown in Fig.3 where two
spins can rotate with keeping the phase difference pi. We
have two massless modes for N = 4 and the number of
massless modes increases by one as N increases by one.
Hence, there are N − 2 massless modes and one massive
mode for N .
Let us generalize the potential as
V = Γ[cos(θ1 − θ2) + a cos(θ1 − θ3) + cos(θ1 − θ4)
+ cos(θ2 − θ3) + a cos(θ2 − θ4) + cos(θ3 − θ4)],
(38)
5TABLE I: The number of massive and massless modes for
|∆θ| = 2pi/N for the potential with equivalent interactions.
N massive modes massles modes total
2 1 0 1
3 2 0 2
4 2 1 3
5 2 2 4
6 2 3 5
N 2 N-3 N-1
TABLE II: The number of massive and massless modes for
|∆θ = pi for the potential with equivalent interactions, where
N is even.
N massive modes massles modes total
4 1 2 3
6 1 4 5
N (even) 1 N-2 N-1
for N = 4 where a is a real parameter. When a ≥ 1,
(θ1, θ2θ3, θ4) = (0, pi/2, pi, 3pi/2) is the ground state con-
figuration and V is expanded as
V = Γ
[
− 2a+ a
4
(η21 + η
2
2)
]
. (39)
Then, there remains one massless mode for a ≥ 1. When
a ≤ 1, we expand V near (θ1, θ2, θ3, θ4) = (0, pi, 0, pi) to
obtain
V = Γ
[
− 4 + 2a+ 1
4
(
(1− a)(η21 + η22) + 2η23
) ]
. (40)
In this case there is no massless mode and mass for η1
and η2 modes is proportional to 1 − a. When a is close
to 1, we have an excitation state with small excitation
energy.
IV. NON-TRIVIAL CONFIGURATION OF
GAUGE FIELD
In the following let us discuss a role of the gauge field
B. We show that a monopole singularity of the gauge
field B leads to a fractional-quantum flux vortex. In a
two-band superconductor with |ψ1| = |ψ2| and m1 = m2,
the phase difference φ satisfies the sine-Gordon equation:
d2φ/dx2 = κ sinφ, where we assume that the phase dif-
ference φ has spatial dependence only in one direction,
for example, in x direction. We use the boundary condi-
tion such that φ→ 0 as x→ −∞ and φ→ 2pi as x→∞.
Then we have a kink solution:
φ = pi + 2 sin−1(tanh(
√
κx)), (41)
where we can adopt that κ is positive because the sign
of κ does not matter since we can change the sign of
0!
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FIG. 4: Half-quantum flux vortex with line singularity. The
phase variables θ1 with a line singularity.
sinφ by shifting the variable φ. The phase difference φ
changes from 0 to 2pi across the kink. This means that
θ1 changes from 0 to pi and at the same time θ2 changes
from 0 to −pi. In this case, a half-quantum-flux vortex
exists at the end of the kink. This is shown in Fig.4
where the half-quantum vortex is at the edge of the cut
(kink). A net change of θ1 is 2pi by a counterclockwise en-
circlement of the vortex, and that of θ2 vanishes. Then,
we have a half-quantum flux vortex. The half-flux vor-
tex has also been investigated in the study of p-wave
superconductivity[24–26]. In the case of chiral p-wave
superconductors, however, the singularity of U(1) phase
is canceled by the kink structure of the d-vector. This is
the difference between the two-band superconductor and
the p-wave superconductor.
The phase-difference gauge field B is defined as
B = −1
2
∇φ¯ = − h¯c
2e∗
∇φ. (42)
The half-quantum vortex can be interpreted as a
monopole. Let us assume that there is a cut, namely,
kink on the real axis for x > 0. The phase θ1 is repre-
sented by
θ1 = −1
2
Im log ζ + pi, (43)
where ζ = x+iy. The singularity of θj can be transferred
to a singularity of the gauge field by a gauge transforma-
tion. We consider the case θ2 = −θ1: φ = 2θ1. Then we
have
B = − h¯c
2e∗
∇φ = − h¯c
e∗
1
2
(
y
x2 + y2
,− x
x2 + y2
, 0
)
. (44)
Thus, when the gauge field B has a monopole-type sin-
gularity, the vortex with half-quantum flux exists in two-
gap superconductors.
Let us consider the fictitious z axis perpendicular to
the x-y plane. The gauge potential (1-form) is given by
Ω± = −1
2
1
r(z ± r) (ydx− xdy) =
1
2
(±1− cos θ)dϕ, (45)
where r =
√
x2 + y2 + z2, and θ and ϕ are Euler angles.
Ω± correspond to the gauge potential in the upper and
6lower hemisphere H±, respectively. Ω± are connected by
Ω+ = Ω− + dϕ. The components of Ω+ are
Ωµ =
1
2
(1− cos θ)∂µϕ. (46)
At z = 0, Ωµ coincides with the gauge field for half-
quantum vortex. If we identify ϕ with φ, we obtain
B =
h¯c
e∗
Ω, (47)
at θ = pi/2. {Ω±} is the U(1) bundle P over the sphere
S2. The Chern class is defined as
c1(P ) = − 1
2pi
F = − 1
2pi
dΩ+. (48)
The Chern number is given as
C1 =
∫
S2
c1 = − 1
2pi
∫
S2
F
= − 1
2pi
(∫
H+
dΩ+ +
∫
H
−
dΩ−
)
= 1. (49)
In general, the gauge field B has the integer Chern num-
ber: C1 = n. For n odd, we have a half-quantum flux
vortex.
V. APPLICATION AND DISCUSSION
We point out that we can apply our theory to a
junction of two superconductors. For example, a junc-
tion of two s± superconductors may be described by an
N = 4 model in this paper where we set (θ1, θ2, θ3, θ4) =
(0, pi, 0, pi) (in Fig.3). A zero energy mode may exist in
this junction. The Fig.5 shows s±− s and s±− s± junc-
tions. In a junction of s±-wave and s-wave superconduc-
tors, the potential energy is proportional to |g12− g13|ϕ2
where g12 and g13 are Josephson coupling between s-
and s±-wave superconductors and ϕ is the relative phase.
When g12 = g13, there is a massless mode in this system.
There is now a controversy about the symmetry of gap
function in iron-based superconductors, that is, s++- or
s±-wave symmetry[27–33]. We propose a method to de-
termine the symmetry, s++ or s±, by a junction which
consists of two superconductors where both are iron-
based superconductors or one is replaced by an s-wave
superconductor. We indicate a possibility that there is a
low-energy excited state if the gap symmetry is s±. In
the case of Fig.5(a), the energy with respect to the phase
difference variable ϕ is
Eϕ = −2γ+−|∆+||∆−|+ 2(γ+|∆+| − γ−|∆−|)|∆| cos(ϕ),
(50)
where ∆+, ∆− and ∆ are gap functions of s+-, s−-
components of an s± superconductor and an s-wave su-
perconductor, respectively. ϕ is the phase difference be-
tween ∆+ and ∆. γ+ and γ− are Josephson couplings
+! !!
g12! g13!
(a)!
+! !!
(b)!
+! !!
FIG. 5: Schematic pictures of (a) s±−s junction and (b) s±−
s± junction. In (a) g12 is the Josephson coupling between the
s-wave superconductor and s+-band of s± superconductor.
g13 is that for s-wave and s−-band.
between ∆+ and ∆, ∆− and ∆, respectively, and γ+− is
that between ∆+ and ∆−. We adopt that γ+ and γ− are
positive. Parameters γ+ and γ− are dependent on a junc-
tion between s±- and s-wave superconductors and are
probably controllable artficially. When γ+|∆+|−γ−|∆−|
is small or vanishing, we have a low-energy excited state.
The existence of low-energy state will yield some struc-
ture in the density of states and will be observed by sev-
eral experiments such as the specific heat measurement
or the tunneling spectroscopy. In contrast, when the gap
symmetry is s++ in stead of s±, the second term in Eϕ is
given by 2(γ+|∆+|+ γ−|∆−|)|∆| cos(ϕ). In this case, we
have no small excitation energy. Hence, we can determine
the symmetry s± or s++ by the existence of a low-energy
excited state. This argument can be also applied to the
junction shown in Fig.5(b).
From our viewpoint, the phase-difference mode is rep-
resented by the vector field which is regarded as the gauge
field. The fluctuation of the phase-difference mode is rep-
resented by the dynamics of gauge field. The non-trivial
topology of the gauge field corresponds to the fractional-
quantum flux vortex, and thus a multi-band supercon-
ductor is regarded as a topological superconductor. We
can generalize the free energy in eq.(5) to
f = (α1|ψ1|2 + α2|ψ2|2) + 1
2
(
β1|ψ1|4 + β2|ψ2|4
)
+
h¯2
2m1
∣∣∣ (∇− i e∗
h¯c
A− i e
∗
h¯c
B
)
ψ1
∣∣∣2
+
h¯2
2m2
∣∣∣ (∇− i e∗
h¯c
A+ i
e∗
h¯c
B
)
ψ2
∣∣∣2 + 1
8pi
(∇×A)2,
(51)
where ψj are complex-valued fields. This model has the
gauge invariance. It is not clear whether the field the-
ory in eq.(5) is equivalent to that in eq.(51). It may be
interesting to investigate the field theory in eq.(51) and
relevance to real superconductivity.
VI. SUMMARY
We have shown that the phase difference modes are
represented as gauge fields. The action of the N -band
7superconductor is given by the abelian projection of an
SU(N) gauge theory. In general, the pair-transfer term
(Josephson term) breaks the gauge invariance and phase
difference modes acquire masses because the phase dif-
ferences are fixed near minimums of the Josephson po-
tential. When N is greater than 3, there are, however,
massless modes when N bands are equivalent. There are
N − 3 massless modes and 2 massive modes near the
minimum (θ1, θ2, · · · ) = (0, 2pi/N, 4pi/N, · · · ), and N − 2
massless modes and 1 massive mode near (θ1, θ2, · · · ) =
(0, pi, 0, pi, · · · ).
In iron-based superconductors the unconventional iso-
tope effect appears when the signs of two gap functions
are opposite to each other[27–29]. This is clearly a multi-
band effect and suggests that the Cooper pairs in some of
iron pnictides have s± symmetry. A junction of two s±
superconductors may be described by an N = 4 model
proposed in this paper. Therefore, there is a possibility
that a new mode with zero or low excitation energy mode
exits in the junction.
A non-trivial configuration of the gauge fields of phase-
difference modes results in the existence of a fractional-
quantum-flux vortex. The gauge field has a monopole
singularity with the integer Chern number. In this sense,
a multi-band superconductor can be a topological super-
conductor.
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